Abstract. Let P h be a self-adjoint semiclassical pseudodifferential operator on a manifold M such that the bicharacteristic flow of the principal symbol on T * M is completely integrable and the subprincipal symbol of P h vanishes. Consider a semiclassical family of eigenfunctions, or, more generally, quasimodes u h of P h . We show that on a nondegenerate rational invariant torus, Lagrangian regularity of u h (regularity under test operators characteristic on the torus) propagates both along bicharacteristics, and also in an additional "nongeometric" manner. In particular, in addition to propagating along null bicharacteristics, regularity fills in the interiors of small annular tubes of bicharacteristics.
Introduction
It is a well-known fact of semiclassical microlocal analysis, that the analogue of Hörmander's theorem on propagation of singularities for operators of real principal type [4] holds for the semiclassical wavefront set (also known as "frequency set"): it propagates along null bicharacteristics of operators with real principal symbol. Given a Lagrangian submanifold L of T * X, we may introduce a finer, "second-microlocal," notion of wavefront set, a subset of L, measuring the failure to be a semiclassical Lagrangian distribution along L. We show here that this wavefront set may propagate in additional ways on rational invariant tori in integrable systems.
Let P h be a semiclassical pseudodifferential operator acting on half-densities on a manifold M, with real principal symbol p (this is automatic if P is selfadjoint) and vanishing subprincipal symbol.
1 Assume that the bicharacteristic flow of p is completely integrable. Let u h be a family of quasimodes of P h , i.e. assume that (P h − λ)u h L 2 = O(h N ) for some N ∈ N, as h ↓ 0 either through a discrete sequence or continuously. (Note that this certainly includes the possibility of letting u h be a sequence of actual eigenfunctions). Let L be an invariant torus in the characteristic set {p = λ}. Then the bicharacteristic flow is by definition tangent to L, and we show (even in the absence of the integrability hypothesis) that Lagrangian wavefront set propagates along bicharacteristics-this is Theorem A below. If a single trajectory is dense in L, then this is the whole story for propagation, as the Date: March 4, 2008. 1 We will take P h to act on half-densities, so the subprincipal symbol is invariantly defined.
wavefront set is closed, hence the whole torus is in the wavefront set or its complement. On the other hand, for a rational invariant torus, we may ask the finer question: what subsets of the space of all orbits may carry wavefront set? The answer (assuming a nondegeneracy condition holds) turns out to be somewhat constrained: given a single orbit, if a small tube around it is free of Lagrangian wavefront set, then so is the orbit itself. This is our Theorem B. We speculate that a finer theorem may be obtainable by more authentically "second-microlocal" methods. The order of regularity up to which our result holds is constrained by the order of the quasimode.
As a simple example of our main result, Theorem B, we consider the case
; we consider Lagrangian regularity on the Lagrangian torus L = {ξ = 0, η = 1} for quasimodes satisfying
Lagrangian regularity on this particular L is special in that we may test for it using powers of the differential operator D x . The theorem tells us the following in this case: let Υ(x) be a smooth cutoff function supported on {|x| ∈ [ǫ, 3ǫ]} and nonzero at ±2ǫ. Let φ be another cutoff, nonzero at the origin and supported in [−2ǫ, 2ǫ] . If, for all k ′ ≤ k, we have
i.e. the D k x regularity fills in the "hole" in the support of Υ. In this special case, the result can be proved directly by employing a positive commutator argument using only differential operators; the positive commutator will arise from the usual commutant h −1 xD x .
The methods of proof (and the idea of the paper) arose from work of Burq-Zworski [3] and a subsequent refinement by Burq-Hassell-Wunsch [2] on the spreading of L 2 mass for quasimodes on the Bunimovich stadium. The central argument here is a generalization of the methods used to prove that a quasimode cannot concentrate too heavily in the interior of the rectangular part of the stadium (which is essentially the example discussed above on
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Lagrangian Regularity
We begin by setting some notation.
Let M n be a smooth manifold and fix L ⊂ T * M a Lagrangian submanifold. Throughout the rest of the paper, we assume 2 u h ∈ L 2 (M ; Ω 1/2 ), h ∈ (0, h 0 ). We will in future, however, suppress the half-density nature of u h as well as its h-dependence, writing simply u ∈ L 2 (M ); similarly, all operators will tacitly be semiclassical families of operators, operating on half-densities. The hypothesis that our operators act on half-densities will be necessary only to ensure that subprincipal symbols are globally well-defined.
Furthermore, we will deal with an operator P rather than P −λ, absorbing the constant term into the definition of the operator.
We begin by defining a notion of Lagrangian regularity of a family of functions along L.
Let q ∈ L, k ∈ N, and u ∈ L 2 (M ). We say q / ∈ L WF k u if and only if there is a neighborhood U of q in T * M such that for all k ′ = 0, 1, . . . , k and all
Proposition 2. Fix q ∈ L, and let
Proof. We begin with the case k = 1. Given any B characteristic on L and microsupported sufficiently close to q, we may factor σ(B) = c i σ(A i ) by Taylor's theorem. Thus, letting C i be operators with symbol c i , we obtain
for some semiclassical operator R, hence we obtain the desired estimate on
We then obtain the desired estimate inductively, using the fact that each commutator of the form [C, A] or [R, A] produces a further factor of h.
We now show that the analogue of Hörmander's theorem on propagation of singularities for operators of real principal type holds in our setting.
Theorem A. Let P ∈ Ψ h (M ) have real principal symbol p and vanishing subprincipal symbol. Suppose that the Hamilton flow of p is tangent to the Lagrangian L ⊂ {p = 0}.
invariant under the Hamilton flow of p. 2 We might just as well assume that h ↓ 0 through a discrete sequence; this will make no difference in what follows.
Proof. By assumption, H p is nonvanishing and tangent to L; at singular points of H p on L, invariance under the flow is of course trivial, so without loss of generality, we work in a coordinate patch in which H p is nonvanishing. In such a patch, we may find local canonical coordinates (u i , v i ) (i = 1, . . . , n) on T * M in which L = {v = 0} and H p = ∂ u 1 . (We will employ the notation u = (u 1 , u ′ ) later on.) Then we simply follow the usual proof of propagation of singularities for operators of real principal type, originating with Hörmander [4] , but taking care to make our error terms two orders rather than one order lower, as we have only defined our wavefront set for integer values of the parameter: Suppose we know the result for values k = 0, . . . K − 1, and that in particular, for some 0 < β ≪ 1 the bicharacteristic strip {u
(This surely holds for k = 0 as there is no Lagrangian wavefront set at all in that case.) Suppose the point p with coordinates
We may also insist that χ and φ have square roots in C ∞ . For each value of j = 1, . . . , n, set
Similarly, let
whereχ is supported in [−2ǫ, β+2ǫ] withχ ′ = 0 on supp χ. Now let A j , W j ∈ Ψ h (M ) be self-adjoint operators with principal symbol a j resp. w j and vanishing subprincipal symbols. Then the principal symbol of (i/h)[P, A j ] is given by the Poisson bracket {p, a j }, while the subprincipal symbol is zero. Thus, we may find operators B j , C j , and Z j in M, with
j , all self-adjoint and with vanishing subprincipal symbols, such that
the fact that R j ∈ Ψ h (M ) (rather than h −1 Ψ h (M )) results from our manipulations of the subprincipal symbols. Likewise, we may arrange
Note that we have arranged the microsupports ofB j ,C j in such a way that
Then for any multi-index α with |α| = K − 1 and any j, we let
N ), and consider the pairing
For any δ > 0, then, the right side of (4) is uniformly bounded as h ↓ 0 by
n , we may write the left side of (4) in the form
where each D j is a sum of products of j elements of M, all microsupported on supp A j (the top order terms arising from commutators of the form (2) vanish by (3)). Note that the term (P * − P )Qu, u has been included in these terms, as by hypothesis, P * − P ∈ h 2 Ψ h (M ). The D j terms are uniformly controlled by the inductive hypothesis, while h −K B j W α u 2 is uniformly bounded by our wavefront set assumption if ǫ is taken sufficiently small. We now put this together with (5): for δ sufficiently small, we may absorb the δ terms in (5) into the B j term in (6), by using elliptic regularity and changing the D j terms to include the contributions of commutators that arise. (We use the fact that σ(A j ) is smoothly divisible by σ(B j ).) Hence we control h −K Z j W α u 2 , and we have shown that 
Integrable flow
We continue to assume that P ∈ Ψ h (M ) has real principal symbol and vanishing subprincipal symbol. We now further assume that p = σ(P ) has completely integrable bicharacteristic flow. Let Σ denote the characteristic set in T * X. Let (I 1 , . . . , I n , θ 1 , . . . , θ n ) be action-angle variables, and let ω i = ∂p/∂I i be the frequencies. We also let ω ij = ∂ 2 I/∂I i ∂I j .
Let L ⊂ Σ be a rational invariant torus, i.e. one on which ω i /ω j ∈ Q for all i, j = 1, . . . , n. We further assume that L is nondegenerate in the following sense: we assume that the matrix
is invertible on L. This is precisely the condition of isoenergetic nondegeneracy conventionally assumed in KAM theory (see [1] , Appendix 8D).
For later convenience, we introduce special notation for the frequencies and their derivatives on L : we let
On L, we of course only know from Theorem A that L WF u is a union of orbits of H p , which, being rational, are not dense in L. There are, however, further constraints on L WF u.
Definition 3. An annular neighborhood of a closed orbit ρ is an open set
We can now state our main result.
then so is ρ. The meaning of "small enough" depends only on the ω i 's.
Thus, conormal regularity propagates "non-geometrically" to fill in the annular neighborhood.
Symbol Construction
By shifting coordinates, we may assume that ρ is the orbit passing through {θ = 0}.
For each i, j let
where the "min" above means the value with the smallest norm, hence may be positive or negative. Each γ ij then takes values in an interval determined by ω i , ω j , and is smooth where it takes on values in the interior of the interval. (If ω i = p/q and ω j = p ′ /q ′ then γ ij takes values in [−πa, πa] where a = gcd(qp ′ , pq ′ )/qq ′ .) The "small enough" condition in the statement of Theorem B is just the following: each γ ij should be smooth on the annular neighborhood of ρ where we assume Lagrangian regularity. The functions γ ij define ρ on L : we have {I = I, γ ij = 0 ∀i, j} = ρ. The central point of our argument will be that the γ ij are "propagating variables" with derivatives along the flow that, taken together, will suffice to give Lagrangian regularity.
Since the γ kl define ρ and are smooth on the annular neighborhood U where we have assumed regularity, there is a smooth cutoff function ψ := ψ(γ kl ) (depending on all γ kl , 1 ≤ k < l < n) with ψ = 1 on ρ and ∇ψ having its support on L contained in U. We may also arrange for ψ to be the square of a smooth function. Let φ ǫ be a cutoff supported in [−ǫ, ǫ], with smooth square root. Let
We compute first that, where γ ij ∈ C ∞ ,
and hence that
We further note that as ψ is a function of the γ ij 's, by (8) the first term in this expression is a sum of terms divisible by
for various k i , l i . Thus we may write
where each e k and f l is characteristic on L and with support intersecting L only in U.
We will also employ a symbol that is invariant under the flow: for each j = 1, . . . , n, set w j = φ ǫ ( I − I )I j .
Nondegeneracy
Using a positive commutator argument, we will find that we can control operators whose symbols are multiples of (ω i ω j − ω j ω i ). These quantities vanish on L, but our nondegeneracy hypothesis permits us to use them to control Lagrangian regularity on L. To see this, rewrite
and expand about L in the I variables, to rewrite this as
We now prove a key algebraic lemma:
Lemma 4. Let v 1 , . . . , v n , and v ij , i, j = 1, . . . , n be real numbers, with
together with the covector (v 1 , . . . , v n ) span (R n ) * iff the matrix
is nondegenerate.
Proof of Lemma. We may assume that not all of the v i 's are zero, as the result is trivial in that case. Let
Letting A be the matrix with entries v ij and
where e i is the standard basis for R n , we have
Let U denote the span of the u ij 's. Thus,
The assertion of the theorem is then that A( v ⊥ ) and v are complementary iff the matrix (10) is nondegenerate. This equivalence is evident after doing column operations on (10) to project the first n columns onto the orthocomplement of (v 1 , . . . , v n , 0) t .
Proof of Theorem B
We prove Theorem B by induction on k; we suppose it true for k ≤ K − 1 (and note that for k = 0 it is vacuous).
Let A ij ∈ Ψ h (M ) be self-adjoint, with symbol a ij constructed above and vanishing subprincipal symbol. Then we have by (9),
with B ij self-adjoint with vanishing subprincipal symbols, and
and with E k , F l characteristic on L with the supports of σ(E k ), σ(F l ) intersecting L only in U. (R, E k , and F l of course depend on i, j but we suppress these extra indices.) Let W j have symbol w j constructed above, and be self-adjoint with vanishing subprincipal symbol. Then
For a multi-index α with |α| = K − 1, set
n , We will also need the operator denoted in multi-index notation
Now we examine
For any ǫ > 0, we may estimate the RHS by
Note that both Q ij and Q * ij are 2K + 1-fold products of operators vanishing on M, and that each contains the factors A ij and W α . By (7) and (12), σ(A ij ) is divisible by σ(B ij ); thus, by elliptic regularity we may estimate the RHS by
where C is independent of δ, and each D j is a sum of products of j elements of M, all microsupported on supp A ij ; these arise from commutator terms in which we have reordered products of elements of M. Now we recall that P * − P ∈ h 2 Ψ h (M ), hence, by (11) we may write
with theD j sharing the properties of the D j above. Putting together the information from our commutator, we now have, for all δ > 0,
with theD j 's satisfying the same properties as D j above. Each of the E k and F l terms is controlled by our hypothesis on L WF k u, while theD j terms are bounded by the inductive assumption. Now we use our nondegeneracy hypothesis as reflected in Lemma 4. Recall that L ⊂ Σ, hence the operator P is characteristic on L; moreover, we have dp| L = ω k dI k , hence Lemma 4 tells us that P and B ij , for i, j = 1, . . . , n, are a collection of operators fulfilling the hypotheses of Proposition 2. Thus, adding together equations (15) for all possible values of i, j, and multi-index α, together with trivial terms involving P rather than B ij , we obtain the desired estimate, by Proposition 2.
